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We treat the events determined by a quantum physical state in a non-commutative space-time, 
generalizing the analogous treatment in the usual Minkowski space-time based on positive-operator- 
valued measures (POVMs). We consider in detail the model proposed by Snyder in 1947 and 
calculate the POVMs defined on the real line that describe the measurement of a single coordinate. 
The approximate joint measurement of all the four space-time coordinates is described in terms of 
a generalized Wigner function (GWF). We derive lower bounds for the dispersion of the coordi- 
nate observables and discuss the covariance of the model under the Poincare group. The unusual 
transformation law of the coordinates under space-time translations is interpreted as a failure of 
the absolute character of the concept of space-time coincidence. The model shows that a minimal 
length is compatible with Lorentz covariance. 
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I. INTRODUCTION. 

It was recognized a long time ago Q that there is 
no reason to believe that the usual space-time concepts 
maintain their validity at arbitrarily small scales of length 
and time. It has also been suggested that the interplay of 
quantum theory and general relativity does not permit 
the measurement of distances smaller than the Planck 
length and time intervals smaller than the Planck time 
[H tJ [J IE However, in the absence of a complete 
theory of quantum gravity, there is no agreement about 
the exact form of the limits to the validity of the classical 
space-time description. 

A natural way to describe a space-time indeterminacy 
is to consider the space-time coordinates as elements of 
a non-commutative algebra H El El El El III 13 
ITrj Il7j . This idea is suggested by the usual quantiza- 
tion procedure, which replaces the commutative algebra 
of the functions defined on the phase space by a non- 
commutative algebra of operators in Hilbert space. It 
has also been shown that a non-commutative space-time 
can be derived from a quantum deformation which re- 
places the enveloping algebra of the Poincare Lie algebra 
by a non-cocommutative Hopf algebra (quantum group) 

Ei in nam. 

There are two different approaches to the quantization 
of space-time. 

• One can build a mathematical structure, for in- 
stance a non-commutative algebra, which replaces 
the space-time manifold and the space-time coordi- 
nates. It is connected in some way with the algebra 
of the quantum observables, but it is not contained 
in it, in the same way as the classical space-time 
coordinates act as parameters, and not as observ- 
ables, in a field theory. 
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• One can study the quantum observables X a inter- 
preted as the space-time coordinates of an event 
defined by a physical object. 

Both points of view are important and deserve atten- 
tion, but one should carefully avoid any confusion be- 
tween them. Note that in a theory based on the first 
point of view, one should still be able to define the coor- 
dinates of an event according to the second point of view. 
In many treatments one justifies the properties assumed 
for the coordinates interpreted in the first way by means 
of physical arguments which concern the coordinates in- 
terpreted in the second way. 

In the present paper we adopt the second approach, 
namely our aim is to locate physical events in space- 
time. By an event we mean a physical phenomenon which 
indicates, with some approximation, a time and three 
space coordinates. A typical example is the collision of 
two particles. In the center-of-mass system (disregarding 
for simplicity the quantum effects), one can identify the 
space coordinates of the event with the coordinates of 
the center-of mass and the time coordinate with the time 
at which the distance between the two particles takes its 
minimum value. In this way, the event is defined even in 
the absence of a close collision. 

The definition of an event requires a well-defined phys- 
ical system in a state described by a vector i\) belonging 
to a Hilbert space Ji. It admits a rigorous mathematical 
treatment and a clear physical interpretation. 

A specific form for the space-time coordinate operators 
X a in a theory symmetric with respect to the conformal 
group has been given in refs. |22ll23|. The mathematical 
nature of the coordinate operators concerning an event 
in a commutative Minkowski space-time, within a quan- 
tum theory symmetric with respect to an undeformed 
Poincare group, has been discussed in refs. 

mm a 

problem arises because the coordinate operators X a , as 
a consequence of the support pro pert ies of the energy- 
momentum, cannot be self-adjoint [2611271 ] . We shall find 
the same problem in the non-commutative case. 

A completely satisfactory solution of this problem is 
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obtained by replacing the spectral measure corresponding 
to a self-adjoint operator by a positive-operator-valued 
measure (POVM) (H ES Efl ■ The same idea permits 
a correct treatment of the time observable and of the 
"time of arrival" relevant for time of flight measurements 
(see for instance pi IM Isi] ) . 

It has been shown in ref. [2£j that the non-self- 
adjointness of the coordinate operators gives rise to un- 
certainty relations stronger than the ones which follow 
in the usual way from the commutation relations |35| . 
These effects have to be taken into account in a discus- 
sion of the properties of a non-commutative space-time. 

It is important to remark that the ideas outlined above 
and developed in the following sections have a provisional 
character, because the coordinates are measured with re- 
spect to a classical frame of reference, which is an ide- 
alized concept. One should consider quantum reference 
frames |3a,|33,|33,|33 , described by physical quantum ob- 
jects. Then, the velocity and the angles which determine 
the orientation of these objects come into play, together 
with the space-time coordinates of the origin, and have 
to be quantized. 

This program, which lies outside the scope of the 
present paper, has two steps: first one has to quantize 
the parameters which determine the relation between a 
quantum frame and a classical frame, then one has to 
consider the relation between two quantum frames. One 
may say that the problem is to quantize the Poincare 
group, but it seems 38] that the solution is not a quan- 
tum group in the usual sense, namely a Hopf algebra. 

In the next section, in order to present the neces- 
sary mathematical tools, we summarize the treatment of 
quantum events in commutative Minkowski space-time. 
In section III we introduce the Snyder model of non- 
commutative space-time and we define the coordinate 
observables in terms of POVMs on the real line and of a 
generalized Wigner function in the classical space-time. 
In section IV and V we develop the formalism obtaining 
more explicit formulas. 

In section VI we discuss the symmetry under space- 
time translations, which, in the model we are consider- 
ing, presents rather unusual features. In section VII we 
calculate some lower bounds to the variance of the co- 
ordinate observables, justifying the initial motivations of 
the model. In section VIII we show how the approximate 
joint measurement of the four coordinates can be treated 
by generalizing the Wigner function formalism used to 
treat the approximate joint measurement of the non- 
commuting coordinates of the phase space 0, |4l], 0] • 
In section IX we summarize the main results. 



II. EVENTS IN A COMMUTATIVE 
MINKOWSKI SPACE-TIME. 

In this section we summarize the treatment of quan- 
tum events in the ordinary Minkowski space-time, omit- 
ting unnecessary details and emphasizing the steps to be 



modified when a non-commutative space-time is consid- 
ered. Instead of the treatment of ref. El, we follow the 
more elegan t ap proach given in ref. |39|, based on the 
ideas of ref. |30|. 

The event is determined by a physical object described 
by a vector ip belonging to the Hilbert space TL in which 
a unitary representation 

U(a,A) =T(a)V(A), aeT, AeC (1) 

of the proper orthochronous Poincare group V operates 
|43| . T is the space-time translation group, C is the 
proper orthochronous Lorentz group, a is a four-vector 
and A is a Lorentz 4x4 matrix. We consider only states 
with integral angular momentum, but all our arguments 
can easily be extended to states with half-integral an- 
gular momentum by introducing the universal covering 
SL(2, C) of C. 

The translation unitary operators have the spectral 
representation 

T(a) = / exp(ip- a)dfi{p), (2) 

where Q = T* is the four-momentum space, p G Q and 
p ■ a — p°a° — p • a is the relativistic scalar product of 
two four-vectors, (i is a spectral measure, which assigns 
to a Borel set J C Q a projection operator /i(J) in a 
numerably additive way. One can show that 

y(A) M (J)y- 1 (A)-^(AJ), (3) 

where A J is the set J transformed by the Lorentz matrix 
A. According to Mackey |4J,|43, Hg, the unitary repre- 
sentation V(A) and the spectral measure //( J) satisfying 
the relation 10 form an imprimitivity system, which we 
indicate by (V, p). 

If the spectral measure fj, is concentrated in an orbit 
O C Q, we say that the imprimitivity system is tran- 
sitive. In this case, according to Mackey's imprimitivity 
theorem, the representation V can be described explicitly 
as an induced representation, which is exactly the one ob- 
tained in Wigner's fundamental paper (4^. In this way 
one obtains all the irreducible unitary representation of 
the Poincare group and some of them describe the "ele- 
mentary" particles. 

We assume asymptotic completeness |47j , namely that 
all the physical states can be described in terms of in or 
out particle states. We consider the direct sum decom- 
position Ti. = TL$ ©7icj where Tis contains states with a 
discrete mass spectrum, namely the vacuum and the one- 
particle states, while Tic contains the states with a con- 
tinuous mass spectrum, namely the many-particle states. 
It is physically evident, and it follows from the formalism 
|24|. that the vacuum and the one-particle states cannot 
define an event. They are too simple to be treated as 
a "clock" which determines the time coordinate. Thus, 
in our treatment of the events, we consider only states 
belonging to Tic and we write Ti instead of Tic ■ 
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In order to describe many-particle states, we have to 
consider non-transitive imprimitivity systems. The sup- 
port V of the measure /i is composed of many orbits and 
is contained in the closed future cone. It is given by 

s=p-p>s = {2m ) 2 1 p°>0, (4) 

where uiq is the smallest of the particle masses (possibly 
vanishing) . 

The Hilbert space H is decomposed into a direct inte- 
gral of spaces in which irreducible unitary representations 
(IURs) of V operate. Of course, only positive-energy 
representations appear in this decomposition. Since we 
are not considering one-particle states, we can disregard 
zero-mass representations and we consider only positive- 
mass IURs, which are labeled by the mass s 1 ! 2 and the 
center-of-mass angular momentum j. 

A vector ip G Ti is described by a wave function of 
the kind ip rT j rn (p), where m = —j, — j + 1, • • ■ , j describes 
the third component of the center-of-mass angular mo- 
mentum and the index a stands for all the other quantum 
numbers. For instance, in a t wo-p article state a describes 
the center-of-mass helicities 48]. It is not necessary to 
specify the mass s 1 / 2 , since it is a function of p. The 
range of the indices j, a may depend on s. For fixed a, s 
and j, the group V acts according to the induced repre- 
sentation described by Wigner |43j . 

The norm and the action of the translation group are 
given by 

W 2 = / Y,\i><r jm ( P )\ 2 d*p, (5) 

[T(a)ip] ajm (p) = exp(ip ■ a)ip a j m (p). (6) 

We choose in each orbit a representative element p(s) and 
for each four-momentum p G V an element A p G C with 
the property 

p = A p p(s), p(.s) = ( s 1 / 2 ,0,0,0) T , 8=p-p.(7) 
The operator V(A) is defined by 

[V(A)i>]„ jn ( P ) = < OT , (0)^w (P% (8) 

where 

p' = A- X p, 6 = A^AAp, G SO{3) (9) 

and B? mm ,{Q) is the (2j + l)-dimensional IUR of 50(3). 

According to a naive application of the rules of quan- 
tum mechanics, the commuting operators A", which rep- 
resent the coordinates of an event, should have a joint 
spectral representation 

X a = [ x a dr(x), (10) 

J M 

where r is a spectral measure on the Minkowski space- 
time M, and x a are the (numerical) coordinates of this 



space. If ip G TH with ||-0|| = 1 defines a state of the 
system, the quantity (V>, t(J)^/>) is the probability that 
the results of a joint measurement of the four coordinates 
define a point belonging to the Borel set I C -M. 

A physical requirement is the Poincare covariance, 
given by the condition 

f/(a,A)r(/)C/" 1 (a,A) = r(AI + a). (11) 

This equation means that the representation U(a,A) of 
V and the spectral measure r on A4 form a transitive 
imprimitivity system, which we indicate by (U,t). 

However, it is known that the equations given above 
lead to a contradiction with the properties of the energy- 
momentum spectrum |24l |27| . In fact, the unitary oper- 
ators exp(— ib ■ X) describe translations in the space Q, 
which lead to states with unphysical energy-momentum. 
This problem is avoided by assuming that the opera- 
tors t(J) are not projection operators, but just posi- 
tive bounded operators. In other words, r is a positive- 
operator valued measure (POVM). The physical meaning 
of ("0,t(/)^) is unchanged and the description of quan- 
tum observables in terms of POVMs is perfectly com- 
patible with the standard interpretation of quantum me- 
chanics mmiM Eii. 

It was shown in ref. |49| that, the operator r(J) cannot 
represent a quasi-local observable [5(|. In particular, this 
observable cannot be measured by means of operations 
performed exclusively in the space-time region /. 

The coordinate operators 1)1 0|l are Hermitian, but not 
self-adjoint. The covariance equation 111|) is still valid, 
but, instead of an imprimitivity system, we have a covari- 
ance system, still indicated by (£/, r) , and the imprimi- 
tivity theorem cannot be applied. 

Great help comes from a theorem j^iJ, 03, US E3 which 
asserts that a covariance system can always be obtained 
from an imprimitivity system, which, under some condi- 
tions, is unique up to isomorphisms. In our case, we can 
find an imprimitivity system, indicated by (U, f ), formed 
by the representation (a, A) -> U(a, A) = f(a)V(A) of V 
and a spectral measure f, on the space-time M, both 
acting in the auxiliary Hilbert space Ti and satisfying 
the covariance condition 

U(a, A)f(I)U- 1 (a,A) = f(AI + a). (12) 

The connection with the covariance system is given by 

t(I) = A*t(I)A, AU{a, A) = U(a, A) A, (13) 

where A is a bounded linear mapping from TL to TL. The 
last equation means that it is an intertwining operator 
between the representations U and U. If we assume that 
the event necessarily takes place somewhere in space- 
time, we have t(A4) — 1, and it follows 

A^A = 1, (14) 

namely 7i is mapped isometrically onto a subspace of Ti.. 
The transitive imprimitivity system (U , f) can be treated 
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by means of the imprimitivity theorem and one finds the 
explicit form of the representation U and of the auxiliary 
space TL. The complete treatment of the intertwining 
operator A and of the POVM r can be found in refs. 

If we introduce the self-adjoint operators 

X a = [ x a dT(x), (15) 

J M 

the Hcrmitian coordinate operators are given by 

X a = A^X a A. (16) 

The commuting operators T{a) have the spectral rep- 
resentation 

f{a) = / exp(ip ■ a) dp,(p) (17) 

where the spectral measure p, is Lorentz covariant, 
namely, in analogy with eq. ©, we have 

V(A)p(J)V-\A) = p(AJ). (18) 

By comparing eq. (fT7|l with eqs. (J2J and ifblf we obtain 

Afi(J) = fi(J)A, JcQ. (19) 

We can also consider the unphysical energy-momentum 
operators 

P a = [ p a dp(p) (20) 
J Q 

defined in the auxiliary space TL. 
We introduce the unitary operators 

W(b)=[ exp{-ib ■ x) dr(x) (21) 
Jm 

and from eq. I|12|) it follows that 

f(a)W(b)f(-a) = exp(m • b)W(b). (22) 

This equation shows that the operators T(a) = exp(iet-P) 
and W(b) = exp(-ib-X) form a unitary representation of 
the four-dimensional Weyl-Heisenberg group |54j |. which 
is a precise formulation of the canonical commutation 
relations 

[P a ,X f3 ] = ig af3 . (23) 

These operators, however, do not operate in the physical 
Hilbert space TL, but in the auxiliary space TL. 
It follows from eq. that 

W(b)fi(J)W(-b) = /i(J + b). (24) 

This covariance equation shows that the unitary opera- 
tors W(b) describe translations in the energy-momentum 
space. It follows that the support of fl is the whole 



energy-momentum space Q, but there is no problem, 
because the spectrum of jj, is not the physical energy- 
momentum spectrum. The generators of these transla- 
tions are the self-adjoint operators X a . 

In conclusion, we have studied a large group acting 
unitarily on the auxiliary space TL. It is the semi-direct 
product of the Lorentz group C and the four-dimensional 
Weyl-Heisenberg group, which, in turn, contains the 
space-time translation group T and the translation group 
T' of the energy-momentum space. Of course, T' cannot 
act on the physical Hilbert space TL. We indicate by V 
the subgroup generated by C and T . It is isomorphic to 
the usual Poincare group V, but its meaning is different. 

The operators S(b,A) = W(b)V(A), defined in TL form 
a unitary representation of the group V' . From eqs. <|18f) 
and 1241) . we see that this representation, together with 
the spectral measure fi defined on Q, forms an imprim- 
itivity system (S,p,), which is the starting point of the 
next section. 



III. THE SNYDER MODEL. 

Now we are ready to discuss the model of non- 
commutative s pac e-time proposed a long time ago by 
Snyder H E3, Hi 13 111 111 Actually, as we shall 
see, there are several options and it is more correct to 
speak of a class of Snyder's models. Recently it has been 
shown that some of them are related to models obtained 
from quantum Poincare groups H3,|^|. Note that, while 
the formalism summarized in the preceding section is de- 
rived in a uni vocal way from sound physical principles, 
the modifications considered in the following are just a 
provisional attempt, based on Snyder's ideas and on the 
analogy with the commutative case. 

The idea, reformulated in our language, is to replace 
the imprimitivity system (5, /2) introduced at the end of 
the preceding Section, by another imprimitivity system, 
denoted in the same way, where the group V 1 is replaced 
by another group G, containing the Lorentz group C, and 
S is a unitary representation of Q acting on the auxiliary 
Hilbert space TL. The action of the Poincare group V on 
the space TL of the physical states is still described by 
the unitary representation U and by the imprimitivity 
system (V, jj) introduced in the preceding section. 

The manifold Q, on which the spectral measure ft is 
defined is a homogeneous space of Q and it has to be 
modified with respect to the one introduced in section II. 
It must contain a Lorentz invariant set V, identified with 
the support of the physical spectral measure fi, in such 
a way that eq. (|19f) is still meaningful. We call Q the 
extended energy-momentum space. 

As in the preceding Section, we indicate by X a the self- 
adjoint generators of four suitably chosen one-parameter 
subgroups of Q. Now, however, these operators do not 
necessarily commute. The operators which represent the 
coordinate observables are defined by eq. (|16[) . As in the 
commutative case, and for the same reasons, it is not 
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possible to use directly the operators X a , which do not 
operate in the physical Hilbert space. 

The natural choices for the group Q are the connected 
components of the identity of the de Sitter group 5*0(1, 4) 
or the anti-de Sitter group SO(2,3), or their universal 
coverings. We shall treat the first choice in detail, but 
the other cases can be treated in a similar way. By con- 
sidering the universal covering, one can also treat events 
defined by systems with half-integral angular momentum. 

We consider Q as a group of real matrices operating 
on a five-dimensional vector space with coordinates 
and a diagonal metric tensor g^ defined by goo = 1, 
5ii = 322 = 533 = 355 = -1. Here and in the following, 
the indices /i, p, a take the values 0, 1, 2, 3, 5, while the 
indices a, f3, 7 take the values 0, 1, 2, 3. The matrices T € 
Q satisfy the condition 

T T gT = g. (25) 

The matrices that do not affect the coordinate £ 5 form 
the Lorentz subgroup C. In the following, we indicate by 
the same symbol a 4 x 4 Lorentz matrix and the corre- 
sponding 5x5 matrix belonging to Q. 

The infinitesimal transformations are represented by 
the matrices S pcr = — S CTp defined by 

T* v = SS + e»„ + 0(e 2 ) =5» + ^E pa ^ + 0(e 2 ), (26) 



Sp</* = %g vtr - 8%g up . (27) 
They satisfy the commutation relations 

^p>vi ^per] — Qvp^p,a Qp,p^va Qva^p.p ~\~ 9p,a^vp (28) 

of the Lie algebra o(l,4). 

It follows that the self-adjoint generators M pa of the 
unitary representation S(T) defined by 

S (exp(2- V CT S pff )) = exp (^te^M^) (29) 

satisfy the commutation relations 

[Mpv, Mpa] 

= iigvpMpo - gp, p M va - g va M w + g^Myp). (30) 
We put 

X a = lM a5 , (31) 
where I is a fundamental length, and we obtain 

[X a ,X p ] =il 2 M aP , (32) 



[M a ff, X 7 ] = i(gpjX a - gayXfj). (33) 

The last formula shows that the operators X a transform 
as the components of a four-vector under the action of 



the Lorentz group. If, in agreement with the preceding 
Section, we put 

V(A) = S{A), A G C, (34) 

we obtain the following transformation property of X a 
under finite Lorentz transformations 

V(A~ 1 )X a V(A) = A a X^. (35) 

Note that, since the operators X a do not commute, one 
cannot write for them a joint spectral representation of 
the kind {TjJJ. 

If we abandon the Lorentz covariance, still maintaining 
the rotational covariance, we have more freedom and, for 
instance, as suggested in refs. we can replace 

the space components of eq. (|31ll by the expressions 

X r = l(M r5 + M rQ ), r= 1,2,3, (36) 

and we have the commutation relations 

[X r , X s ] = 0, [X°, X r ] = -UX r , (37) 

which were derived in |18| from the quantum group for- 
malism. In the following we shall adopt the definition 
(|31|l . but a model based on eq. (|36|l can be treated in a 
similar way. 

As we anticipated above, the physical coordinates of 
the event are described by the operators X a defined in 
the physical Hilbert space H by eq. flfi} ; where the in- 
tertwining operator A : H — > H has the properties i|14[l . 
(P| and 

AV(A) = V(A)A, Ae£. (38) 

The condition (|19|l is related to the translational sym- 
metry of the operator A. This delicate problem will be 
discussed in section V and VI. 

In order to get a detailed physical interpretation, it is 
not sufficient to know the Hermitian operators X a , be- 
cause they do not determine uniquely the corresponding 
POVMs defined on the real line R. It is also interesting 
to consider more general observables of the kind 

k ■ X — k a X a = A^k ■ XA. (39) 

Since the operator k ■ X is the generator of a one- 
parameter subgroup of Q, it is self-adjoint and it has the 
spectral representation 

k-X= [ Adf fe (A), (40) 

JR 

which defines the spectral measure fk implicitly. The 
statistics of the results of a measurement of k ■ X is com- 
pletely described by the POVM 

T k (I)=A^f k (I)A, ICR. (41) 
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We have, as usual, 

(k ■ x) = (ip, A ] J \dfk{X)A^\={^,k-X^), (42) 

However, for the square and higher powers of the coordi- 
nates, we obtain a more complicated expression, namely 

({k-xf) = (V,At/ R A 2 df fe (A)^) 
= (ip, A^(k ■ X) 2 Atj?j > (ip, (k ■ X) 2 i>) . (43) 

From these formulas we obtain the variances 

Ax a = ((OO 2 ) - (x a ) 2 ) 1/2 . (44) 

The corresponding uncertainty relations are discussed in 
section VII. 

More generally, we may consider the average value 

(f(k-x)) = U>,ff(\)dT k (X)il>) 

= J f(9)(exp(-i0k-x))d6, (45) 

where 

f(6) = (27T)- 1 J f(\)exp(i6\)d\, 

/(A) = / 1(0) exp(-^A) d6, (46) 

(exp(-i6k ■ x)) = (tp, A^ J exp(-i0A) df k (X) Atp) 
= cxp{-i9k ■ X)V \ = (*, S{exp{-9lk a E a5 ))^) , 
* = Aip. (47) 

If we introduce the real function 

p(x) = (2tt)- 4 J exp(ik-x) {^,S{exp(-lk a E a5 ))^) d 4 k, 

(48) 

we obtain 

(f(k-x)} = J f(k-x)p(x)d i x. (49) 

Note, however, that p(x) cannot be interpreted as a prob- 
ability density in the Minkowski space-time A4, because 
it may take negative values. It plays the same role as the 
Wigner function in the phase space 01 an d we call it 
the generalized Wigner function (GWF). It is the Fourier 
transform of a continuous bounded function and since, 
at the present stage, we do not know if this function de- 
creases sufficiently fast at infinity, p may be a generalized 
function in the sense of ref. |55j, namely a distribution. 

The GWF p(x) is completely determined by the aver- 
age values (f(k-x)), namely it can be measured with any 
required accuracy by performing many coordinate mea- 
surements on many states prepared in the same way. It 
describes the statistical properties of the observables X a 
completely and provides a useful tool independently of 
the model considered. 



We can also write 

p{x) = U,,t{x)iI>), (50) 

where 

t(x) = (2tt)- 4 / exp(ik ■ x)A^ S(exp(~lk a E a5 ))Ad 4 k 
= (2tt)- 4 / exp(ifc • x)A^ cxp{-ik ■ X)A d*k (51) 

is an Hcrmitian operator-valued distribution on the 
Minkowski space-time, that replaces the POVM r in the 
non-commutative case. The Hermiticity follows from the 
unitarity of S. It is the Fourier transform of a bounded 
continuous operator-valued function. 

From eqs. <|35|) and l|38(l we obtain the Lorentz covari- 
ance property 

V r (A)r(x)T/- 1 (A) = t(Ax). (52) 

IV. THE INDUCED REPRESENTATION S. 

Now we have to enter into the details of the formalism 
proposed in the preceding section. The extended energy- 
momentum space Q is an orbit in R 5 defined by the 
condition 

g»»ee = (e? u\\ 2 (a 2 = -i, (53) 

where £ is a vector with components i^ 1 ,^ 2 ,^ 3 . We indi- 
cate by p a generic element of Q. The quantities £ M form 
a redundant system of coordinates in the manifold Q, 
which have no particular physical meaning. An invariant 
measure on this manifold is given by 

dv(p) = 2l-H(^ + l)d 5 C 

= r^e 5 ]- 1 ^ ^ = r 4 ]^- 1 ^ 5 ^. (54) 

In order to write the induced representation corre- 
sponding to the transitive imprimitivity system (S,p), 
we choose the element p € Q with coordinates £ = 0, 
£° = 0, £ 5 = 1. The corresponding stability group is the 
Lorentz group C, considered as a subgroup of Q. The 
inducing representation A — > D(A) is a unitary represen- 
tation of C and we indicate by Ti. the Hilbert space in 
which it operates. We choose the elements T p € Q with 
the property 

v = i>, pes. (55) 

The Hilbert space Trt is composed of functions *&(p) 
defined on Q with values in the Hilbert space Ji and 
with norm given by 

\\^f= I \\^{p)fd v {p). (56) 
Jq 

The induced representation S(T) is defined by 

[5(r)*](p) = D(A)*(p') J (57) 
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where 



p' = r-V, A = r^rrv e c. 



(58) 



The inducing unitary representation D(A) can be rep- 
resented as a direct integral of IURs, as explained in ref. 
I24L The matrix elements of these IURs, indicated by 



Df^ jlm ,(A), are described in refs. |55|, |5j, |5jJ . The pos- 
sible values of the indices are 

M = 0,±l,±2,..., c 2 < 1, 
j = \M\,\M\ + l,..., m j. j • ! j. (59) 

If M =j£ 0, c must be imaginary. The representations D Mc 
and D~ M '~ C are unitarily equivalent. Moreover, there 
is the trivial one-dimensional representation, which we 
indicate by D . The restriction of these representations 
to the rotation subgroup is given by 

Df^, m ,{Q) = 5 jf R? mm ,{®), Q e 50(3). (60) 

In order to simplify the formalism, avoiding integrals 
over the parameter c, we assume that D is a direct sum 
of IURs of the kind described above, labeled by the index 
7. This means that the elements of H are described by 
the wave function $ 7 j m (p) with the norm given by 



l*ll 2 = 



* 7jm (p)| 2 dv(p). 



(61) 



and the induced representation (|57ll takes the form 

[S(T)^ jm (p) = Df^^AJVd/), (62) 

where the sum over the indices j',m' is understood and 
the quantities M, c depend on the index 7. 
The GWF (|4*8T takes the more explicit form 



p(x) = (2tt)- 4 f exp(ifc • x)% jm (p)Df m c jlm ,(A) 
x^ irm/ (p')dv(p)d 4 k, 

where p' and A are given by eq. (|58|l and 

r = exp(-;fc Q s Q5 ). 



(63) 



(64) 



The generators M pa defined by eq. (|2*9"|) can be decom- 
posed into a part which acts on the angular momentum 
indices j, m and a part which acts on the dependence of 
the wave function on p, in particular we can write 



where the matrix Z'J"-, _/(p) is Hermitian and 



(65) 



(66) 



These derivatives act on an arbitrary smooth extension 
of a function in a neighborhood of Q in R 5 . 



We consider the operators / acting on the space H by 
multiplying the wave function by a function f(p). We as- 
sume that f(p) is bounded and infinitely differentiable, 
but it may be useful to assume that it has different prop- 
erties. The operator / satisfies the commutation relations 



[ - u ""- /]: ![e wr e wJ J !,,7i 



In particular we have 



d „ d 



[X«/] = -«(?_r^]/. (68) 



V. THE INTERTWINING OPERATOR. 

First we have to define the set V C Q, which con- 
tains the physical values of the energy-momentum p. It 
is a union of orbits of Q with respect to the action of 
£, which are isomorphic, as homogeneous spaces, to the 
mass-shell of a massive particle. On these orbits we must 
have £ a £ Q > and £ 5 has a constant value |£ 5 | > 1. In 
order to have a connected set, we also require £° > and 
> 1. 

On V one can use the coordinates £ a which have sim- 
ple transformation properties under the group Q, but, in 
order to describe the space-time translations by means of 
eq. |JBJ, one has to introduce the coordinates p a . Since 
both the coordinates transform as four-vectors under the 
Lorentz group, we must have 



((f) 2 - 1) 



(69) 



and the relation between the two coordinate systems is 
determined by the increasing function £ 5 (s). In the ab- 
sence of massless particles, we have £ 5 (s) > £ 5 (so) > 1- 
The measure v, restricted to V, can be written in the 
form 



v(p) = J(s)d A p, 



J{s) 



21 



-l| K 6 )a 



II 



(70) 



Note that different choices of the function £ 5 (s) define 
different observables X a on the same system, described 
by a given Hilbert space Ti. and a given unitary represen- 
tation U of the Poincare group. 

Each of the orbits we have chosen contains a rotation 
invariant point p(s) with coordinates 

| = 0, £ 5 =cosh7y, £0 =sinhry, rj > (71) 
and we can write 



p(s) = exp(?7S 5 o)p, 



(72) 



where p is the point introduced in the preceding section. 
In agreement with eq. Q, we write the other points of 
the orbits in the form 



p = App(s) = T p p, T p = A p exp(fy S 5 



(73) 
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In this way, we have partially determined, for p £ V, the 
choice of the elements T p introduced in eq. I|55|l . 

The intertwining operator A is not uniquely deter- 
mined, because the same system can define different 
events. For instance, a many particle system defines sev- 
eral events corresponding to the collision of different pairs 
of particles. Important constraints are the Lorentz and 
the translation symmetries given by eqs. I|38f) and 1)19(1. 
The second equation implies that A is diagonal with re- 
spect to the variable p. Since the wave function ip(p) is 
not defined outside V, we have 



we obtain 



tf(p) = [A^](p) = 0, p$V, 
^{jp) = J- l l 2 {s)A{p)^{jp), P eV, 



(74) 



where the bounded linear operator A(p) is represented by 
a matrix which acts on the indices of the wave function 
ip(p) (not written explicitly). 

From eqs. ©, and (|57Jl . using the convention i(75|) 
for T p , we obtain 

A(p)R s (A- 1 AA p ,) = D(Ap 1 AA p ')A(p'), 

AeC, p' = A"V (75) 

For A = A p , we have p 1 = p(s), A p / = 1 and 

A(p) = A(p(s)) = A(s). (76) 

Then we obtain the condition 



A(s)R s (e) = D(G)A(s), 6 e SO(3), 



(77) 



which implies that the matrix which represents the oper- 
ator A(s) is diagonal with respect to the indices j, m and 
does not depend on m. In conclusion, we have 

* 7itB (p) = J- 1 ' 2 {s)Ai 1rT {s)^ lTjm {p). (78) 

Eq. 114|) gives the condition 



A^,(s)A^(s) = 6 a 



(79) 



(no sum over the index j). 

Under certain conditions, namely when the wave func- 
tion tp vanishes outside a region where |£ Q <C 1, we must 
recover the results of ref. |2J|. In fact, if we put, in the 
relevant region, 



£ a =lp a , £ 5 = {fs + l) 1 ' 2 , 



we have 



J(s) 



A « A- 1 A 



v 



(80) 



(81) 



and eq. I|63[) takes the form derived in ref. [24| . 

In this approximation, the GWF is positive and it de- 
fines a POVM on the space-time. If in eq. I|63|) we sub- 
stitute 



*P(p) -> PXc#](p) = exp(ia-p)V'b), 



(82) 



p(x) -» p{x - a), 



(83) 



namely the GWF and the corresponding POVM are co- 
variant under the translation group in agreement with 
eq. (inj- 



VI. TRANSLATIONS. 

It is known that the Snyder model has some problems 
with covariance under space-time translations. In the 
present paper we assume the existence of the unitary rep- 
resentation U(a, A) of the Poincare group acting on the 
physical Hilbert space H. According to Wigner's treat- 
ment of symmetry operations [43l IBH l59| . this follows 
from the general rules of quantum mechanics and from 
the existence of equivalent classical reference frames. 
If we realize that only quantum reference frames exist 
HE HE HE the situation may be different, but a 
complete consistent treatment of quantum frames is not 
yet available. We have already discussed the Lorentz 
transformations properties of the coordinate operators 
X a and of the corresponding GWF. Now we deal with 
the translations. 

We indicate by / a function of the variables £ Q defined 
on V and the correpsonding multiplication operator act- 
ing on the space TL. From eq. I|68() and the properties of 
the operator A we obtain 



[X a ,f] = -il£ 



da* 



In particular we have 



Ot,a 



(84) 



(85) 



and the following relation between the coordinates mea- 
sured in a given frame and in another translated frame 



T(-a)X a T{a) = cxp(-ia • p)X a exp(ia • p) 



(86) 



If we adopt eq. I(8t)|l . we obtain the simpler formula 

T(-a)X a T(a) = X a + (l 2 s + l) 1/2 a a . (87) 

We see that the new coordinates depend on the old 
coordinates and on the energy-momentum of the object 
that defines the event (more precisely, one should speak 
of the quantum averages of these quantities) . If the aver- 
ages of the coordinates of two events, defined by two ob- 
jects with different energy-momenta, coincide when ob- 
served by a given frame, in general they do not coincide 
when observed by a translated frame. In other words, the 
space-time coincidence of events is not an absolute con- 
cept, in the same way as time coincidence (simultaneity) 
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is not an absolute concept in special relativity. Einstein 
|60| stressed that the absolute character of space-time 
coincidence is one of the fundamental principles of gen- 
eral relativity. However, it should not be considered as a 
dogma. 

It is easy to see that, for any choice of the function 
£ (s), equation (|86[) is experimentally wrong when ap- 
plied to a macroscopic object for which l 2 s is not negli- 
gible compared to 1. A related ambiguity appears if we 
consider a system composed of two noninteracting sub- 
systems and only the first subsystem is used to determine 
the coordinates of the event. Then it is not clear if the 
quantities which appear on the right hand side of eq. i|86|) 
concern the first subsystem or the whole system. Clar- 
ifying this ambiguity is preliminary for a treatment of 
macroscopic objects. 

In order to avoid these problems, while waiting for 
some improvement of the formalism, one can restrict 
one's attention to events defined by few-particle systems. 
These difficulties are also present in other theories, like 
the "doubly special relativity" and related models |6lj . 

It is useful to remark that, if we consider a single coor- 
dinate or a linear combination of the kind k ■ X — k a X a , 
we can always find an operator F, depending on k, de- 
fined by a function F(p) with the properties 

[F,k-X]=i, (88) 



where Fq is given by eq. I|91[l . namely one can define 
a time translation which acts in the usual way on all 
the four coordinates. However, one cannot define space 
translations with the same property. The better behavior 
under time translations is paid by a worse behavior under 
Lorentz boosts. 

Note that eq. I|89|l gives a transformation property of 
the non-self-adjoint operator k ■ X and of the average 
value of the corresponding observable. A complete de- 
scription of the statistical properties of this observable, 
however, requires knowledge of the corresponding POVM 
defined by eq. I|41l) . We may expect a covariance property 
of the kind 

exp(-iXF)fi k (I) exp(iAF) = W (J - A), (96) 

but this equation does not follow from eq. (|89|) . In fact, 
if the four-vector k is spacelike, the self-adjoint operator 
k ■ X generates a rotation and has a discrete spectrum. 
This means that the support of the spectral measure flk , 
and also of the POVM /i^, is a discrete subset of the real 
line, in contradiction with eq. i|9t)|) . This remark shows 
how delicate is the treatment of observables not described 
by self-adjoint operators. 

VII. VARIANCE OF THE COORDINATE 
OBSERVABLES. 



exp{-iXF)k ■ X exp(iXF) — k ■ X + X. (89) 

Since the formalism is Lorentz symmetric, we may con- 
sider in detail only the coordinates X° and X 1 . 

In the first case we choose on V the coordinates £ and 
a defined by 

a = ln(£°+£ 5 )>ln(l + ||£||)=a (90) 

and we have 

[F ,X°]=i, F Q = r 1 a. (91) 

In the other case, we choose on V the coordinates £°, 
£ 2 , £ 3 and (3 defined by 

£ 1 =vsin/3, £ 5 = ucos/3, v = (1 + w 2 ) 1 / 2 , 

|/3| < arccos(u _1 ) = arctaniu = (3, (92) 

where 

w 2 = (C )2 _ {e) 2 {e) 2 (93) 

and we obtain 

[F 1 ,X 1 ]=i, F 1 = -r 1 p. (94) 

A similar treatment can be given if we choose the ex- 
pression for the space coordinates. In this case, how- 
ever, we also find 

[F o ,X r ]=0, r= 1,2,3, (95) 



Now we derive some lower bounds for the variances 
given by eq. (|44|) . These bounds must hold for any choice 
of the physical wave function iji £ 7i and of the intertwin- 
ing operator A and we may more simply require that they 
hold for any choice of the wave function if? S H, provided 
that it vanishes outside the region V. We also assume 
so = (2mo) 2 = 0. It follows that our results do not de- 
pend on the choice of the intertwinig operator A and on 
the relation between £ 5 and s introduced in section V. 

We consider first a particular class of events defined 
by the head-on collision of two spinless particles, even if 
it is physically rather difficult to prepare an high-energy 
state of this kind. Then we extend the results to ar- 
bitrary events. In this simple case, the center-of-mass 
angular momentum is j — and the index a, which rep- 
resents the center-of-mass helicities, takes only one value. 
We also assume that D in eq. 157(1 is the trivial one- 
dimensional representation. It is shown in ref. [24| that, 
in a commutative space-time, this means that the event 
is quasi-baricentric, namely it defines a point which is as 
near as possible to the world line of the center-of-mass 
of the object, compatibly with the quantum uncertainty 
relations. 

The wave functions have no indices and we can write 
eq. (|63|l in the simpler form 

p(x) = (2tt)- 4 J exp(ik • x)tf(p)tf(p') dv(p) d 4 k. (97) 
From eq. (|65fl we see that X a — Y a , where Y a is given 
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by eq. I|66|l and from the results of section III we obtain 

(Ax a ) 2 = {(x a - c a ) 2 ) = J \[(Y a - c a )^]{p)\ 2 dv{p), 
c a = (x a ). 



First we consider Ax°. Introducing the variables de- 
scribed in eq. l|9"0"|l . we have 

Y° = -il-^-, du[p) =d 3 £da. (99) 
oa 

We use the following family of wave functions 
parametrized by the variable A > 

tf a) = C x expiil^ca)/^, X(a - &)), (100) 

where / is a smooth function with compact support van- 
ishing for negative values of its second argument. We 
have, after the change of variable t = Xa, 



1= / \V(p)\'dv(p) = [Cxl'X- 1 I \f(^t-Xa)\ 2 d^dt, 

(101) 



((a; -c) 2 ) = \C\\ 2 l 2 X / \ f'(£,t- Xa)\ 2 d 3 £dt, (102) 



where /' is the derivative of / with respect to its second 
argument. It follows immediately that 



lim((a; -c) 2 ) = 0, 



A-*0 



(103) 



namely that Aa; can take arbitrarily small values. 

Then we consider Ax 1 and use the variables described 
in eq. @52J|. We have 

Y 1 = ilJL, dv(p) = d£° d£ 2 d£ 3 dp. (104) 
op 

If f(0) is a continuos piecewise differentiable function 
which vanishes for \0\ > 0, one can prove, by means 
of the standard methods of variational calculus, the in- 
equality 

imi 2 d/3 > n 2 m- 2 J \f((3)\ 2 dp. (105) 
The equality holds for 



f(0) = C cos 



TT0 

20' 



(106) 



If we put 

tt(p) = exp(-ir V)/^ , C 2 , C 3 , 0), (107) 
from this inequality we obtain 

((x i -c) 2 ) = i 2 f\f(e,e,e,0)\ 2 dv( P ) 

> ir 2 l 2 f\y(p)\ 2 (20)- 2 dv(p). (108) 



The quantity approaches its upper bound it/2 when w 
is very large and we obtain 



{^-c) 2 )>l 2 



(109) 



One approaches this lower bound if the wave function has 
the form 

*(p) =exp(~ir 1 c0)f(e,e,f)cosp (110) 

and / is negligible unless w 3> 1. Similar inequalities 
hold for the other space coordinates and we obtain 



Ax r >l, r = l,2,3. 



(Ill) 



Now we have to show that one cannot obtain smaller 
variances by using objects of a more general kind. We 
start from the formula 

+(Y 1 -c)% jm (p)\ 2 du(p). (112) 

We put 

¥ 7im (p) - apHI-^^M^lp), (113) 
where Uj m j, m ,(p) is a unitary matrix with the property 

§pU] m ?m>(P) = ir l ^>>rn>>(P)Uj>>rn>>J>rn>(P)- ( 114 ) 

We obtain 

((x 1 -c) 2 ) =[J2 \Y l ^> Tjm {p)\ 2 dv{p) (115) 

■yjm 

and we can use the inequality i|105[l as in the simple case 
to get the required result 

((X 1 -C) 2 ) > 7T 2 l 2 J ]T \^^m( P )\ 2 (20)- 2 d^p) > I 2 . 

'yjm 

If we take into account the Lorentz symmetry of the 
formalism, we can write the result in the form 



A(fc • x) > l\k ■ k\ 1/2 0{~k ■ k), 



(117) 



where 8 is the step function. Note that the right hand 
side is continuous when the four- vector k crosses the light 
cone. This formula describes completely the possible val- 
ues of the variance of a single coordinate. 

One may ask how an observable which has a discrete 
spectrum, for instance k ■ X with k spacelike, has a lower 
bound for the dispersion. This happens because the prob- 
ability (-0, Tk({X})ip), where A is a point of the spectrum, 
cannot approach the value 1. In fact, the vectors in the 
range of the projection operator r({A}) have an unphysi- 
cal energy-momentum spectrum. In other words, we have 
ll r ({^})ll < 1 an d the POVM r corresponding to the ob- 
servable k ■ X does not possess the "norm-l-property" 
discussed in ref. |62|. 
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There are also inequalities that involve the dispersions 
of two or more coordinates, measured separately on sys- 
tems in the same state, namely prepared in the same 
way. We give only two simple examples concerning head- 
on collisions and we assume that c a — (x a ) = 0. We 
consider first a wave function of the kind l|ll()|l . which 
permits {(x 1 ) 2 ) to approach its lower bound l 2 , and we 
compute the quantity 

((x°) 2 ) = j\Y°f(e, e,e) co S p\ 2 dv(p) 

= l 2 J ^U(cos£) 2 + fv- 1 ^ (sin /3) 2 2 d£° d£ 2 d£ 3 d/3 



1 2 2- 3 ttJ 3 



3 


d.f 







v 2 + \f\ 2 (3v- 2 (er-i) 



xd^d^d^ > 2~H 



1,2 



(118) 



We have performed a partial integration with respect to 
£° and the integration with respect to j3. We see that 
((a; ) 2 } and ((x 1 ) 2 ) cannot both approach their lower 
bounds in the same state. 

We also consider the wave function 



*(p) = /(£°)£ 5 



(119) 



where / is negligible unless (°>1. With some calcula- 
tions, we obtain 



1,2,3, 



(Or 



2l z 



(120) 



We see that all three quantities ((a; r ) 2 ) can approach 
their lower bounds in the same state, but in this case 
((x ) 2 } cannot be too small. 



VIII. JOINT MEASUREMENT OF THE 
COORDINATES. 

In the preceding sections we always treat measure- 
ments of a single coordinate or of a linear combination 
of them k ■ X. When we consider the uncertainty re- 
lations involving two coordinates, it is understood that 
they refer to measurements performed on two different 
systems, prepared in the same way. However, for a com- 
plete physical interpretation, it is necessary to consider 
approximate joint measurements of different coordinates 
on the same system. 

The same problem appears when we consider the joint 
measurement of the canonical coordinates p and q in the 
phase space. This problem was treated in ref. |4lJ by 
using essentially the Wigner function [40|. which unfor- 
tunately was not called by name there. A related treat- 
ment, with a deeper discussion of the physical motiva- 
tions, is given in ref. |4^ . 

The approach of ref. starts from a formulation 
of the correspondence principle in terms of observables 
with two possible outputs, called effects or tests [64| . 
They can be considered as POVMs defined on a set com- 
posed of only two points, say {1,0}, the corresponding 



positive operators being F and 1 — F. In a classical (non- 
quantum) theory a test is described by a continuous func- 
tion < f(p, q) < 1 defined on the phase space, which 
gives the probability of obtaining the result 1 if the state 
is represented by the point (p, q) of the phase space. We 
are considering for simplicity a system with one degree 
of freedom. 

The problem is to find the positive operator F which 
corresponds to the positive function_.f and a natural so- 
lution is provided by the Weyl rule 



(2tt) 



f(a,r)exp(-iaP + iTQ)dadT, (121) 



/>,r) = (27T)- 1 / f{p,q)e^>{iap-irq)dpdq, (122) 

where P and Q are the quantum operators corresponding 
to the canonical coordinates p and q. The operator F ob- 
tained in this way is not necessarily positive and, in fact, 
the classical tests which determine a point of the phase 
space with too high a precision have no corresponding 
quantum test. 

The quantum probability of obtaining the result 1 if 
the state is defined by the vector ip is given by 



W,FtP)= / f(p,q)p(p,q)dpdq, (123) 



where 

P(P, q) = ( 27r )~ 2 / exp(icrp - irq) 
x(ip,exp(-iaP + irQ)i(j)d<TdT (124) 

is the Wigner function. 

The analogy with eq. I|48ll is evident: the representa- 
tion S of Q is replaced by the representation exp(— iaP + 
itQ) of the Weyl-Heisenberg group, which can also be 
considered as a projective (ray) representation of the 
translation group of the phase space [54J. The anal- 
ogy can be carried further. A classical test which de- 
scribes an approximate measurements of the four space- 
time coordinates is represented by a continuous function 
< f{x) < 1 defined in the classical Minkowski space- 
time. The corresponding quantum test, if it exists, is 
described by a positive operator F defined by 



(V,i^)= / f(x)p(x)d i x, 



(125) 



where the GWF p is given by eq. I|48(l . It is positive only 
if the function / has suitable properties. 

If we consider a test describing an approximate mea- 
surement of the single coordinate k ■ x, in the classical 
theory it is described by the positive function f(k ■ x) 
and in the quantum theory by the positive operator 



F= / /(A)d7*(A), 



(126) 
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in agreement with the statistical meaning of the POVM 
Tfc introduced in section IV. In this case, eq. (|125fl follows 
from the treatment of section IV and the operator F is 
automatically positive. The complete characterization of 
the functions f(x) which correspond to positive operators 
F is a difficult problem. 

IX. CONCLUSIONS. 

We have examined Snyder's model of non-commutative 
space-time from a particular point of view, namely by 
considering the space-time coordinates as ordinary quan- 
tum observables describing measurements on the physical 
object which determines an event. The final aim is an ap- 
proximate description of some of the effects of quantum 
gravity, when the average value of the gravitational field 
is negligible. 

There are several alternative models and we do not 
claim to have chosen the best one. However, we think 
that some of the following ideas, developed in the pre- 
ceding sections, can be applied to a large class of models. 

• The model does not directly require any deforma- 
tion of the Poincare group and of its Lie algebra, 
although it is not excluded. The only deformed 
objects are the operators X a which describe the 
space-time coordinates. 

• As in the commutative theory, the spectral con- 
dition requires that the operators X a cannot be 
self-adjoint and their statistical properties must be 
described by means of a POVM acting on the phys- 
ical Hilbert space TL. It is obtained, by means of 
an intertwining operator, from a spectral measure 
acting on an auxiliary Hilbert space TL. In the class 



of models we are considering, it is the spectral mea- 
sure of a generator of a representation S of a group 
Q containing the Lorentz group. 

• The usual covariance property of the coordinates 
with respect to space-time translations has to be 
modified. We propose to interpret this feature as 
a break-down of the absolute character of the con- 
cept of space-time coincidence, which is one of the 
foundations of classical general relativity. 

• From the algebraic properties of the model and the 
properties of the energy-momentum spectrum, one 
can derive lower bounds to the variance of the coor- 
dinate observables. These inequalities are strongly 
model dependent. 

• The model confirms that there is no contradiction 
between Lorentz symmetry and limitations to the 
accuracy of length measurements or a discrete spec- 
trum of the coordinate observables [65^ . 

• The model provides an example of a POVM that 
does n ot p ossess the "norm-l-property" discussed 
in ref. 

• Several different definitions of the coordinate ob- 
servables may coexist in the same quantum theory, 
if we do not introduce any limitation to the posi- 
tive bounded operators that can describe physical 
observables, in particular the tests Tk (I) ■ In a satis- 
factory formalism, the choice of the physically cor- 
rect model of non-commutative space-time should 
follow from an accurate definition of the observ- 
ables of the theory. 
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